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U ■ ABSTRACT 

Using superspace techniques we construct the general theory describing D = A, JV = 2 
supergravity coupled to an arbitrary number of vector and scalar-tensor multiplets. The 
scalar manifold of the theory is the direct product of a special Kahler and a reduction of 
a Quaternionic-Kahler manifold. We perform the electric gauging of a subgroup of the 
isometrics of such manifold as well as "magnetic" deformations of the theory discussing the 
consistency conditions arising in this process. The resulting scalar potential is the sum of a 
symplectic invariant part (which in some instances can be recast into the standard form of 
the gauged M = 2 theory) and of a non-invariant part, both giving new deformations. We 
also show the relation of such theories to flux compactifications of type II string theories. 
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1 Introduction 



Compactifications of type II string theory on Calabi-Yau manifolds provide effective four- 
dimensional theories which can be described by A/" = 2 supergravity coupled to matter. 
The theories obtained in this way naturally contain tensor multiplets, but, using the known 
duality relation between tensor and scalar fields in four dimensions, one can use the standard 
formulation in terms of hypermultiplets. On the other hand, if in addition to the metric one 
gives non-trivial expectation values to the other fields of the ten-dimensional theory, the 
effective supergravity in four dimensions is deformed and various fields become massive. 
Among these there are the tensors which therefore cannot be dualized into scalars anymore. 

These type of deformations are usually described by gauged supergravity theories and 
the general couplings for the c? = 4, A/" = 2 case have been worked out in [T1I2]. However, the 
description provided in [TJ |2] does not include (massive) tensor multiplets and it is therefore 
difficult to establish its relation with flux compactifications of type II strings. Moreover, it 
is known that the gauging procedure may give inequivalent deformations of theories which 
can be mapped onto each other before the gauging is performed. For these reasons it is 
quite important to build the general theory describing four-dimensional Af = 2 gauged 
supergravity coupled to tensor multiplets and possibly to establish the relation of such a 
formulation with the standard one of [2]. 

Although effective theories of type II compactifications with fluxes have been described in 
|H1 HI ini ini m IHl in] and especially jZj shows the explicit appearance of tensor fields, we provide 
here the general construction of A/" = 2 supergravity with tensor multiplets and describe its 
gauging also finding new deformations. The starting point for our construction^ is given by 
where the tensor multiplet couplings to supergravity were described and some of the 
relations on the scalar geometry of the theory were given. 

In this paper we improve the results of jTT] by extending the couphngs to vector multiplets 
and by performing the gauging of the theory. More in detail, by using superspace techniques 
we get the general supersymmetry rules after the dualization of some of the scalars of the 
hypermultiplets into tensor fields. As a first step in the construction, we discuss the neces- 
sary conditions that have to be satisfied in order to perform such a dualization. We then 
describe the constraints on the resulting geometry and show their relations with the under- 
lying quaternionic geometry of the hypermultiplet scalar cr-model. In particular, we will 
show how these constraints can be understood from a "Kaluza-Klein" perspective. When 
the quaternionic manifold is given by a homogeneous space, the dualization procedure yields 
a space which can be described as the reduction of the original one by removing some of its 
nilpotent generators under the solvable decomposition. 

^For earlier work see 
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As a next step we perform the gauging of the theory. After duahzation, not all of the 
isometries of the original manifold remain isometries of the final scalar manifold. More- 
over, some of these act non-trivially on the tensor fields and therefore cannot become local 
symmetries without leading to non-linear couplings for the tensor fields. We then discuss 
which isometries can be made local and therefore "gauged". Always using the superspace 
formalism we compute the fermion shifts which restore the supersymmetry of the theory and 
give rise to a potential satisfying the supersymmetry Ward identities. 

The appearance of tensor fields allows to redefine the gauge field strengths with a shift 
proportional to the tensor fields + m^^Bi without breaking supersymmetry, pro- 

vided we redefine appropriately the fermion transformation laws. Here m^'^ are real constants 
which can be thought as mass parameters for the tensors. This kind of extension^ of the 
theory was first obtained in jTHj for six-dimensional supergravity, further extended in [T3j 
and shown in Calabi-Yau compactification of Type II theories in |^. 

Indeed the gauging we perform after duahzation of some of the hypermultiplets scalars is 
a standard electric gauging, but the appearance of the mass parameters m^^ in the definition 
of the new gauge field strengths implies the existence of extended solutions. The shifts of 
the supersymmetry transformations indeed acquire some extra terms depending on such 
parameters so that the gravitino's and hyperino's shifts are symplectic invariants. This 
latter can be interpreted also as a "magnetic" gauging, though its definition is not related to 
the appearance of magnetic gauge fields. These would lead to the construction of |lj whose 
consistency is problematic, as explained in [HIIZI. 

The scalar potential of the theory follows as usual from the square of the fermionic shifts 
by using a known Ward identity of A^-extended gauged supergravities [T3]. Being the square 
of symplectic invariant quantities, but for a term coming from the gaugino shift when non- 
Abelian isometries of the Special Kahler manifold are gauged, the potential shows symplectic 
invariance for Abelian gaugings where such gaugino contribution does not appear. Therefore 
the potential can be split in two parts, one that is explicitly symplectic invariant while the 
other is not. The first part is in particular the one which can be obtained by gaugings of 
translational isometries and it is therefore directly related to the one which follows from fiux 
compactifications [?]. However we can not reduce by a symplectic transformation this part 
to the standard one described in unless we have a single tensor or in the case where all 
the symplectic vectors of the electric and magnetic charges are parallel vectors. Therefore, 
except for this particular situation, the magnetic charges give a genuine deformation of the 
theory with respect to the standard J\f = 2 supergravity. This is a fortiori true for non 

^Tensor multiplets exist also in 5 dimensions and they can get masses by the same procedure. However, 
since they satisfy first order equations of motion, the gauging of the theory can give additional couplings 
with the vectors |12| . 
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abelian gaugings, since a non symplectic invariant extra term is present. 

It is interesting to point out that in this process we also get new consistency conditions 
with respect to those of the underlying quaternionic geometry. An especially interesting 
condition is given by the requirement that a certain combination of the mass parameters 
must belong to the center of the gauged Lie Algebra. This condition is certainly satisfied in 
our case because each term of the linear combination is in the center of the algebra since we 
assume that the isometrics that can be gauged electrically are only those which commute with 
the translational isometrics of the dualized scalars. As we will show, these mass parameters 
can be interpreted as "magnetic" Killing vectors and therefore this condition has a natural 
interpretation as the fact that the electric and magnetic generators should commute. 

The plan of the paper is the following. After this introduction, in section El we review the 
dualization procedure in order to fix notations, discuss the geometry of the scalar manifold 
and give the couplings of A/" = 2 supergravity to vector, tensor and hypermultiplets. In 
section El we discuss in detail the gauging procedure. By solving the Bianchi identities of 
the various fields using superspace techniques we obtain the shifts to the supersymmetry 
transformations and determine the potential of the coupled theory. We then discuss the 
properties of such a potential in section |31 detailing the relations with flux compactifications 
and with the standard theory of [2j. We also give an Appendix where some explicit examples 
of dualizations are discussed. 

2 Tensor multiplets coupled to supergravity and vector 
multiplets 

As already explained in the introduction, the standard Af = 2 supergravity contains both 
vector multiplets and hypermultiplets. The cr-model parametrized by the scalars of the 
vector multiplets is a special Kahler manifold while for the hypermultiplets the cr-model is 
quaternionic-Kahler. When we dualize some of the scalars of the quaternionic manifold to 
tensor fields, the geometry of the hypermultiplets sector is modified and, in particular, it 
is no more quaternionic. As a first step in our construction we will therefore review the 
dualization procedure so that we can also fix our notations. 

Before entering the details of the dualization procedure some comments are in order. 
Quaternionic-Kahler manifolds do not necessarily admit isometrics. On the other hand, 
the standard dualization of a hypermultiplet scalar field q into a tensor B^^, requires that q 
appears in the Lagrangian only through its derivatives so that the Lagrangian is invariant 
under constant shifts 



q + r] . 
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Moreover, if one wants to obtain more than one tensor field by this procedure, the isometries 
associated to the duahzed scalars should commute, so that all of them can be described 
by equation ()2.1|) at the same time. Notice that so far we did not make any distinction 
between compact and non-compact isometries, though as it is shown in the third example 
of the appendix, the resulting physics is very different, actually we get in general a singular 
Lagrangian. 

2.1 Dualization of the commuting isometries 

Dualization of the commuting isometries in the quaternionic manifold spanned by the hyper- 
multiplets can be done in the usual way by a Legendre transformation on the quaternionic 
coordinates g", m = 1, . . . , 4m appearing in the Lagrangian covered by derivatives. Here and 
in the following, we are using for the quaternionic geometry the notations given in |2[ . 

Suppose we partition the coordinates g", u = 1, . . . ,4m into the two subsets g", u = 
1, . . . , n and , I = 1, . . . , Am — n, where q^ are the coordinates we want to dualize. Since we 
are interested in the geometry of the resulting manifold we just consider the dualization 
of the quaternionic kinetic term C/c in the general M = 2 Lagrangian. If dq^ is considered 
as an independent 1-form field, dq^ = $^ and if we add a 3-form Lagrangian multiplier 
Hi = dBi to C)Ci we have: 

= -h{,^ dq^ A *dq^ (2.2) 
-huv dq"" A *rfg^ - 2Ki dq"" A *<l>^ - hu ^' A + A Hj . 

Varying Cjc with respect to Bi we find that $^ is closed and therefore one can equate 
$^ = dq^ . The variation with respect to gives 

* $^ = Qi/-^ - Kj * dq""^ (2.3) 
and substituting this in ()2.2|) we find 

C^iduai) ^ _g^j^u ^ ^^^v ^ ^M^'Hi AHj- M^'Ki dq^ A Hj , (2.4) 

where 

guv = K,- MijAiAi , Mij = hij, MijAi = hiu, (2.5) 

and we have defined MijM'^^ = 5f . 

As already observed in ^T] the metric for the residual scalars, the metric for the kinetic 
term of the tensors and for their couplings to the scalars, correspond to the Kaluza-Klein 
decomposition of the quaternionic metric 
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Kv^eAB^.pUtuf'' (2.6) 

that is 

_ ( g^. + MuAiAi MjkA^\ 

~\-9'''"Al M^' + g-^AiAij ■ ^^"^^ 
The analogous duahzation of Cjc made in terms of the quaternionic vielbein U^°' gives 

U^- = P„^" + Aiuf" , (2.9) 

with 

P^''P^^C^peAB = guv. (2.10) 

The fact that the reduction of the quaternionic metric has the same structure as a Kaluza- 
Klein reduction on the torus was to be expected since in both cases we consider isometrics 
described by constant Kilhng vectors. However, while in the ordinary Kaluza-Klein the 
Killing vectors are generators of compact isometrics, here we consider only Killing vectors 
associated to non compact isometrics, namely translations. Indeed if we perform a duahza- 
tion of a compact coordinate covered by the derivative in a generic c-model then, as shown 
in the example 3 of the appendix, one usually obtains a singular Lagrangian, while the dual- 
ization of non-compact coordinates gives a regular Lagrangian. The geometrical procedure 
associated to such dualization can be easily described in the case of quaternionic cr-models 
which are symmetric spaces G/H. Indeed let us perform the solvable decomposition of the 
Lie algebra G as 

= f)e,5oZT;(0) = f)eDeN, (2.11) 

where D is the non-compact Cartan subalgebra and N denote the nilpotent part of the 
algebra. We consider in N the maximal abelian subalgebra of maximal dimension which 
can be generated by translational Killing vectors. Considering any subset of such Killing 
vectors and deleting the corresponding generators in g corresponds to dualizing the isometries 
associated to the coordinates . In the appendix we give two examples of such procedure 
for the quaternionic manifolds SU{2, 1)/SU{2) x U{1) and SO{l,4:)/SO{4:). Geometrically 
this corresponds to considering the quaternionic manifold as a fiber bundle whose base space 
is A4n and fiber given by the set of coordinates corresponding to the commuting Killing 
vectors. The projections along the fibers correspond to our dualization procedure. 
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2.2 Reduction of the quaternionic geometry after dualization 

It is interesting to reduce the coordinate indices of the quaternionic geometry for some 
important formulae. Let us first consider the quaternionic relation^ 

{Utuf^ + Utu!^)€o.p = K.e''^ . (2.12) 

where e^^ and Cq,^ are the usual antisymmetric metrics used to raise and lower indices of 
SU(2) and Sp(2m). Splitting ()2.12|) on the uv ,ul , IJ indices we find three equations which 
imply 

(P^^X^^^ + P,^"Pi^'^)C„^ = ^7^6-^^, (2.13) 
(W/"Wf^+Wj^"Wf^)C„^ = M,je^^, (2.14) 
PtUBai+Uf'^PBpu = 0. (2.15) 

Furthermore, using ()2.8|) we can easily obtain 

^Aau ^ gUvpAa^puAa^ ^2.16) 

^Aai ^ M^-^Uj'' - g'^'^AlP^'' . (2.17) 

Further insight into the geometrical structure of the sigma model M.n is obtained by 
reduction of the quaternionic indices m, v for the connections and curvatures of the holonomy 
group contained in Sp(2m) x SU(2). The SU(2) curvature 2-form is defined as 

= du'' + ]-e'y'Cjy ^Lb\ (2. is) 

where uj^ is the SU(2) connection. Defining 

^ = 2^^' ^ ' ^ =-it^ a^B, (2.19) 
where a^^ are symmetric matrices related to the Pauli matrices 

(^x = e (T^c ^ (2-20) 

one obtains 

^]^^ = rf^^s + ,2;(Ac^Ac:;/^ (2.21) 



■^Throughout the paper we use hats to denote quantities referring to the original quaternionic-Kahler 
manifold and the same symbols without hats for the reduced one Mn- 
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Reducing the coordinates indices we find for tlie connections 

^t"" = oo^^U^- = {P^- + AiUf-) ^ + Aiuf^ , (2.22) 

Cof^ = ujf'', (2.23) 

Af = A^X"^" = A^f (Pf " + A^Wf ") = + A^Af , (2.24) 

Af = Af. (2.25) 

It is also important to reduce tlie SU(2) curvature and its relation to the quaternionic pre- 
potential. Using equations ()2.22j) . ()2.23j) and the fact that after duahzation all the quantities 
depend just on the so that the derivative dj is always zero, one obtains from p. 2111 









+ ^u^v ^ ''IJ ) 


(2.26) 


r)AB 








(2.27) 




— "/J 






(2.28) 



where the components of the reduced Lie algebra valued SU(2) curvatures are defined as 
usual: 

^ ^[.^.f + 0;^%^ ^ , (2.29) 

ntF ^ + ^ = i V.c^r , (2.30) 

nff ^ 9[,< + c.d%^^ = <c.,]^^ (2.31) 

On the other hand, for the quaternionic-Kahler geometry the SU(2) curvature Vt^^ is defined 
in terms of the quaternionic vielbeins as 

tl^B = -U^^ A , (2.32) 
and therefore reducing the r.h.s. we can also get 

^tv = ~^^cUv]^ = ~P[taP^'^ ~ ^[u^i]^^ al^lC ' (2.33) 

^tF = -\KM?--utMF'') = -PiiuP'' + Knjf, (2.34) 

(Iff = -U^jd^X- (2.35) 

From equations ^^-^M), ^Mj-^^, ^M)-^^ we readily obtain 

<F = -V[.(A^]^,^^)-P4p|", (2.36) 

V^uf^ = -2PituP\ (2.37) 

4''^J\c'' = -KMf- (2-38) 



Furthermore, from the reduction of the quaternionic torsion equation 

V[^W4" = (2.39) 

we obtain the following relations 

V[„P,f = -FijAt\ (2.40) 
VJAf- = uf^P^^ + A'^^P^^, (2.41) 
u;\jUff = 0. (2.42) 

Note that in equation ()2.4()p there appears a "torsion" term F^^; nevertheless this term is 
not related to the torsion of the connection on the reduced scalar manifold. In fact, from the 
torsionless equation of the original quaternionic manifold ()2.39|1 we see that the covariant 
derivative acting on the quaternionic vielbein can be split as 

V„W,^" = - f JW^" - tJ^Uf^ + Uu^'bU^'- + K%Uf , (2.43) 

where the quantities appearing in ()2.43|1 were defined in equations ()2.22|1 . ()2.24|1 . ()2.9|1 and 
r are the components of the Levi-Civita connection associated to the quaternionic metric 
hui,- Considering the antisymmetrizations on the indices m, f , the contribution of the Levi- 
Civita connection vanishes and substituting the expressions ()2.22|) . ()2.24p . ()2.9|) one obtains 
equation ()2.40|) . It is now evident that the torsion term F^^ arising in the reduction of the 
quaternionic-Kahler geometry is associated to the torsion of the connection Vj^ which is not 
the connection on the scalar manifold M.n- Indeed from the statement that the quaternionic 
metric is covariantly constant 

Vuhi,^ = (2.44) 

one can deduce that also the metric on the reduced scalar manifold M.n is covariantly 
constant 

VuQvn, = (2.45) 

where V„ is the covariant derivative with respect to the the Levi-Civita connection on the 
reduced scalar manifold with metric Quv 

On the other hand, one can observe that the rectangular matrix P^" is not the vielbein 
on the reduced manifold. Such vielbein 1-form, which we may denote E'^ {i = 1, . . .n), must 
satisfy V-E* = where V contains the spin connection of A4n, in accordance to the fact that 
the manifold is torsionless, according to equation ()2.45|) . 

From equation ()2.4()j) it is also possible to evaluate the Riemannian curvature on the 
reduced scalar manifold acting with a further covariant derivative; one obtains: 

T^vzwu = -^tv PzAaPvB " ^wu AaP^'^ " MjjF^^^F^^^ . (2-46) 
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which shows exphcitly, as aheady observed in reference , that the holonomy of the reduced 
scalar manifold is not contained in SU(2) x Sp(2m). 

Finally, for the interpretation of the gauged supergravity theory coupled to tensor mul- 
tiplets, it is important to reduce the fundamental relation defining the quaternionic prepo- 
tential (see for instance [21112]), namely 

2kini, = -V,Vl . (2.47) 

Writing equation ()2.47|1 with explicit free index v {v, I) and setting A;^ = we get two 
equations which combined give the following relations 

2kl{Ql^ + Flu;^)-klAiV,u;^ = -V.P^ (2.48) 
kl{VuUJ^ + 2AiQ}j)+e^y'uyjVl = 0. (2.49) 

2.3 Coupling of the scalar— tensor multiplet to J\f = 2 
ungauged supergravity with vector multiplets 

After the dualization of some of the hypermultiplets, the original quaternionic-Kahler mani- 
fold reduces to a scalar manifold Ain whose scalar fields are part of the so called scalar-tensor 
multiplet 

{Bi^., C, Ca, , (2.50) 

where the index / takes ut values, ut being the number of coordinates covered by derivative 
which have been dualized, a = 1, . . .m and u = 1, . . .n, n = 4m — rix- 

We recall |2I that the content of the gravitational and vector multiplets is 

{\/;, Al , (2.51) 

(4, A^^, A"^, z^} , (2.52) 

where i = 1, . . .n^,, riy being the number of vector multiplets. The lower SU(2) index A on 
the gravitino (t/'a, i^^) corresponds to positive chirality, while the corresponding upper index 
denotes negative chirality. The opposite convention is adopted for the gauginos (A*"^, A^). 
Finally, for the hyperinos fields (Ca, C"), lower and upper indices correspond to positive and 
negative chirality respectively. 

In order to couple the scalar-tensor multiplet to the M = 2 supergravity in the presence 
of vector multiplets, we use the superspace approach writing the curvatures of the various 
fields in superspace and solving the corresponding Bianchi identities. The curvatures are 
defined as follows [21 US] 

T« = W -iV^A A7>^ = 0, (2.53) 
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Pa = dtPA- ^labuj''^ A4ja + ^QA^a + uja^ AtpB = ^^A, (2.54) 

= #^-^7a6^"'A^^-^QA^^ + ^^5A^^ = W^, (2.55) 

R-b ^ duj"'' -uj^Au'K (2.56) 

In the vector multiplet sector the curvatures and covariant derivatives are: 

Vz' = dz\ (2.57) 

V/ = dz\ (2.58) 

VA'^ = d\'^ --^-iabUJ^^y^^ -l:Q\'^ + + u%AX^ , (2.59) 

4 2 ■' 

V\\ ^ dX\-\^abu:'''XA+'-QXA + rjX\ + UA^ AX^, (2.60) 

= dA^ + L^^A A ^Be^^ + L^^^ A ^^tAs ■ (2.61) 
In the scalar-tensor multiplet sector they are 

Hj = dBj + 2Lic^^Al''^''Va, (2.62) 

VCa = rfCa-^C^"VCa-^QCa + AfC/3, (2.63) 

vc = rfr-^^"^a6c-^Qc+A^c^ (2.64) 

pAa ^ P^'^dq'', (2.65) 



where Q is the U(l) Kahler connection j2|, is the Christoffel connection one-form for 
the special Kahler manifold, is part of the symplectic section (L^, Ma) of the special 
manifold, uj"^^ and A"'^ are respectively the SU(2) and Sp(2m, R) connections ()2.22j) . ()2.24|1 
on the A4n manifold and Lj^[q) is a tensor to be determined by the Bianchi identities. 

Differentiating equations ()2.57p - ()2.65|) one obtains the Bianchi identities, whose super- 
space solutions are given by the following parameterizations (up to three fermion terms): 



T'^ = 0, (2.66) 

PA = V^V'pabA + eABT-,-f'^''V^-^hiMJ'i^BV\ (2.67) 

pA = yaybpA^^.fAy^^A^^^B^^^^.fA-^^^^^^^AB^ya^ (2.68) 

VA'^ = VVaX^ + iZi-f''ij^ + GJ-f''^ijBe'^^ , (2.69) 

Hi = HjabcV^v'V'+'-iiPAr'Cagf^VaVb-^^Y'CgiAaVaVb) , (2.70) 

VCa = V^VaCa + iPaAaY^^ + ihlagLl"i^^ , (2.71) 
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Vz' = ZIV" + i)A>^"^ , (2.72) 
pAa _ P^^"^/'^ + 7/> V + e^^C"^V'ijC/3 ■ (2.73) 

We observe that the solution ()2.fjfij) - ()2.69j) of the Bianchi identities is the same as the ordinary 
J\f = 2 supergravity coupled to vector multiplets, except for the extra term hjaL^J^ipsV"' 
appearing in p.67|l . where hja = eabcd.HY'^- In particular, we have used the well known 
definitions for the self-dual dressed vector field strengths: 

T^, = {^f-^f)^^L''F-,\ (2.74) 
Gl, = y'fU^-^)vKFa,'- (2.75) 



and 



/^ = V,L^, (2.76) 



where Vj is the Kahler covariant derivative. Furthermore the Bianchi identities imply that 
the tensors gf'^, P^" = P^°'daq^ and satisfy the following set of constraints 

P;(,P,^° + P"^°P,Aa = S:6^, (2.77) 

g^^-gjBa + gLgj" = ^j^b, (2.78) 

PaCag'^'^ + Pa^'-gL = 0, (2.79) 
PaCagf^' + P^'^giCa = 0, (2.80) 

V.L?^ = P(^gf- , (2.81) 
gf''gfl = ie.y.LyL:ja%\ (2.82) 

It is important to note that the previous constraints on the tensors appearing in the scalar- 
tensor multiplet (coinciding with those found in reference [TT|) are in complete agreement 
with the results obtained from the reduction of the quaternionic geometry of section 12.21 
Indeed, equation ()2.77|1 coincides with equations ()2.13|1 and equation (j2.8()j) coincides with 
()2.15|1 provided we identify 

gAa ^ ^Aa _ ^2.83) 

For what concerns ()2.79|) , we can also see that it can also be recast into the form of equation 
()2.15p upon identifying 

M"^f" = W^^" + ^"M^P^^" (2.84) 



11 



With the identifications ()2.83p . ()2.84p we also obtain ()2.14|) from equation ()2.78|) . Equations 
(EHH), (Pl^ instead coincide with (jTITTj) and (imH|l provided we identify 

Lr = -\^r. (2.85) 

Finally, for the benefit of the reader we write down the supersymmetry transformation 
laws of the fields on space-time as they follow immediately from the Bianchi identities 
solution (ITT)H1) - (IT7H1) : 





r 1 1 — 1J l-i 

= V^sa +eABT^^l e"" 


(2.86) 




= iV^.zVe^ + e^^G'^^T^^^B 


(2.87) 




= iPuAa g" -i^'e^ + i/i^/^i^7'^£^ 


(2.88) 






(2.89) 




= 2L^V^AM£Be^^ + 2L''i,ytAB + i ft A'^Tm^"" + i ft* Aa7/.^b e^"" 


(2.90) 






(2.91) 




= y^sA 


(2.92) 




- ^A^ 


(2.93) 




= P^AiCe^ + C-^^^^eB) 


(2.94) 



3 The gauging 

From the supersymmetry rules described in the previous section we have seen that the vec- 
tor multiplet scalar manifold and its couplings have not been touched by the dualization 
procedure. This means that if the scalar manifold of the vector multiplets admits isometries, 
these can be gauged without any further restriction both for abelian and non-abelian gauge 
groups. On the other hand we have seen that the hypermultiplet scalar manifold now has 
been reduced and the resulting manifold contains the scalars of the original hypermulti- 
plets that have not been dualized. This means that care is needed in order to decide which 
isometries of the original quaternionic manifold can be gauged. 

On general grounds, before the dualization procedure one could have, besides translations, 
isometries of the scalar manifolds acting non-trivially on the quaternions which we want 
to dualize into tensor fields. These isometries now become symmetries of the resulting 
manifold under which the tensor fields are charged. As a consequence one cannot make 
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these symmetries local without paying the price of introducing non-linear couplings of the 
tensor fields themselves ^Hl- In what follows we will therefore limit ourselves to the gauging 
of symmetries which commute with the translations of the dualized scalars. One should 
also remember that in order to gauge non-abelian groups, these symmetries should also be 
symmetries of the special Kahler manifold j^. 

For these symmetries the gauging procedure is the standard one outlined in [2]. One 
adds to the (composite) connections appearing in the transformation laws of the charged 
fields the vector fields (which make this symmetry local) dressed with some function of the 
scalar fields. To be specific, the connections of the vector line bundle Q, the connection of 
the vector tangent bundle F*-, the SU{2) connection and the Sp{2m) connection A""^ are 
shifted as 

Fj ^ r. + gA^djk\, (3.1) 
Q ^ Q + gA^'Vl, (3.2) 
^ u^' + gA^Vl, (3.3) 
^ap _^ /^'^P + gA^duklW^U^^. (3.4) 

These modifications obviously break the supersymmetry of the Lagrangian which can be 
restored by adding appropriate shifts to the supersymmetry rules of the Fermi fields as well 
as adding mass terms for the fermions in the Lagrangian at first order in g and a scalar 
potential which is of order g"^. Moreover the definitions ()2.57|1 . ()2.58|1 . 1)2.611) and ()2.(j5j) get 
modified to 

Vz' = dz' + gA^kX, (3.5) 
V/ = dz' + gA^k\, (3.6) 

^ rfA^ + ^^7/rE^^AA^ + LV^AV'Be^^ + LVAV'VB, (3.7) 
pAa _ P,^'^ [dq"" + g A^ kX) . (3.8) 

In addition to this standard electric gauging, for which the only constraint is the choice of 
generators commuting with the translations of the dualized scalars g^, we can also introduce 
here mass terms for the tensor fields which will enter in the theory in a way that looks like 
a "magnetic gauging" . We stress however, that we are not gauging the magnetic potentials 
and therefore the mass parameters can not be identified with magnetic charges since they 
are not related to the isometrics of the reduced scalar manifold. 

The appearance of tensor fields in the ungauged theory allows us for the introduction of 
explicit mass terms for these fields by redefining the ()3.7|) curvatures 

Ft, = Ft, + m'^Bi,, , (3.9) 
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where m are real constants. By doing so, the tensor fields appear naked in the Lagrangian 
and therefore cannot be trivially dualized back into scalar fields. Moreover this process will 
introduce explicit mass terms for Bi and indeed it can be viewed as the usual Stiickelberg 
mechanism, where combinations of the gauge field strengths are absorbed in the definition of 
massive tensor fields. The introduction of these extra terms also breaks the supersymmetry 
of the Lagrangian. We will see in a while that we can again restore it by further shifting 
the supersymmetry transformations of the Fermi fields by terms of the first order in m and 
by modifying the scalar potential. It is actually interesting that these shifts will not simply 
produce m? terms in the potential but will also interfere with the electric shifts giving terms 
proportional to both couplings. 

In the presence of the electric gauging and the mass parameters m^^ the supersymmetry 
transformation laws of the fermionic fields (as they come from the closure of the gauged 
Bianchi identities) become: 

5 ^A/. = V^eA+ eAsT-.e'' - Ui^iL'/eb + i SabI^s'' , (3. 10) 

5\'^ = i ^^t'^^^ + G;^7''"e^''^B + W'^^^eB , (3.11) 

Ha = iP^Aare'' + ihj^g'A^Ye^ + N^BA, (3.12) 
where the extra fermionic terms are: 

Sab = '-alj,[gVlL^-^m'^M^) , (3.13) 

N% = -2gU2uklL^ + 9?Am'^MA, (3.14) 

W^^^ = -i g e^^g'^P^ft + i 9^'^^'' {gVlf} - ^m'^hj^j) , (3.15) 

where now the self-dual dressed vector field strengths ()2.74|) . ()2.75|) appear combined with 
the tensor fields as in ()3.9j) : 

Ta, = {^f-^f)^^L^F-,\ (3.16) 
Gl-, = '^9''fJ{-^-J^)rJaf- (3.17) 

As expected, the dual sections of the vector scalar manifold appear in the magnetic parts of 
the above expressions 

Ma = ATasL^ , hM = JlK^ff . (3. 18) 

We notice that the electric part of the shifts has not changed from the standard one obtain- 
able in the absence of tensor multiplets. In ()3.14j) there appear the Killing vectors of the 
isometries gauged of the scalar-tensor a-model, which are the reduction of the isometries of 
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the original quaternionic-Kahler manifold. The prepotentials associated to these isometries 
appear in ()3.13|) . The geometrical interpretation of cannot be the same of the standard 
theory, but the conditions following from the requirement of supersymmetry match ()2.49j) . 
which are the relations following from the reduction of those existing between quaternionic 
Killing vectors and their prepotentials. 

Consistency imposes a non-trivial constraint for the ()3.13|) and ()3.14|) shifts 

ALic^^S''^'' = -Ni^'gf^ (3.19) 
ALh^/'Sb)c = N^A9B)ai. (3.20) 

The electric part of these equations can be interpreted as the reduction of the geometric rela- 
tions between quaternionic Killing vectors and prepotentials ()2.47|) on the external directions 
/, therefore matching ()2.49p . This can also be seen as a standard gradient flow equation [T3] . 
The terms in the shifts proportional to m^^ entering in equations ()3.19p . ()3.20j) identically 
solve them by using ()2.38|1 . where the identification ()2.85j) of the uJj connection with L| is 
done. 

This last identity can also be interpreted as a gradient flow equation assuming that the 
m^^ constants have the role of "magnetic" Killing vectors. In this way one can introduce 
"magnetic prepotentials" Q^^. Considering equation ()2.47|) for dual Killing vectors fc^^, for 
which we set k^^ = 0, one obtains 

2 Jc^^Q^'jj = -VjQ""^ = -e^'y'ujyQ'^ , (3.21) 

where it was used that Q^^ should be independent on the scalars we dualized. We can now 
see that ()3.19j) and ()3.2()j) are the same as ()3.21|) if we relate the Killing vector and the mass 
parameter as 

= -\rn^^ . (3.22) 

and define Q^^ as 

Q^^ = -^uj^m^^ = L]m^^. (3.23) 

By doing so almost all the terms in ()3.13|) - ()3.15|) can be rewritten in terms of symplectic 
invariants quantities. One can indeed introduce the symplectic vector 

= [Q-^^gV-] (3.24) 

and rewrite ()3.13|) - ()3.15|) as contractions of this with the other symplectic vectors given by 
V = {L^, Ma} and their derivatives 

Ui = V.V = {/^ hA,} . (3.25) 
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Introducing also the symplectic vector 

Zl = {-9?A~k'\ gklKA] = {l/2g%m'\ gklK^] , (3.26) 



the shifts read 

Sab = ^a'AB<V,r^>, (3.27) 
N2 = -2 <V,Z2>, (3.28) 
W'-^^ = -ig e^^g'^PAff + i g%^^ < Uj, > , (3.29) 
where <, > denotes the symplectic scalar product defined as follows: 

("^ 'a)(Ja, 'f)(fj (3.30) 

This rewriting is especially useful in view of the construction of the scalar potential. 
Since the above expressions are all symplectic invariants, but for the antisymmetric piece in 
the gaugino's shift lyl^-^l, also the corresponding contributions to the scalar potential will 
have the same properties. 

So far we did not find any further constraint on the possible gauge group by adding 
magnetic charges, but we will see that this will not be the case anymore when considering 
the supersymmetry Ward identity of the scalar potential. 



4 The potential 

The scalar potential can be determined by a general Ward identity ^3] of extended super- 
gravities, which shows that it follows from squaring the fermion shifts. In the present case 
such identity reads 

5p = -12 S^^ ScB + g^jW'^-" W^j, + 2N^ N% , (4.1) 

with Sab, N% and given by dSH), and (jTT^ respectively. 

As it is clear from the definition of the fermionic shifts, the right hand side of 1)4.111 
contains both pieces proportional to 5^ as well as to (o"^)^. In order for the theory to be 
supersymmetric one has to prove that the parts which are SU (2) Lie Algebra valued vanish 
identically. Since the various shifts contain expressions proportional to the electric coupling 
constant and others proportional to the "magnetic" one, their squares have three type of 
pieces which have to be set to zero separately. The first condition follows from the terms 
proportional to g^ and it is the simple reduction of the quaternionic identity 

Kkl - \ e^'^VlVI, + \ f^^ n = . (4.2) 
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Also the piece is identically satisfied. This can be seen from the fact that all contribu- 
tions have the same form Qjja^ m'^m'^^M/^Mj^ with the appropriate coefficients to make it 
vanish. The only non-trivial rewriting is the one involving the square of the gauginos, where 
using the identities of special geometry we find that 

hA^hj:jg'J = -MaMs + ^{ImAf)Ai, (4.3) 

and the second part is identically vanishing since it is contracted with exyzL^L^jfn^^m^"^ ■ At 
this point we are left with the mixed contributions which give us a non-trivial constraint on 
the gauge group. 

There are two different types of contributions to the Ward identity 1)4.11) which are pro- 
portional to both the electric and magnetic couplings and are triplets of SU{2). The first 
one, is given by ^VaacL^^ m^^ L^Ms + c.c. and is common to all the squares of the symplec- 
tic shifts. These again combine with the appropriate coefficients to give zero. In addition, 
from the gauginos one has a contribution which is an interference term of the gauging of the 
vector multiplet isometrics and the magnetic gauging. This reads 

g'W^AcW^'' ~ iki hj^iLiA^m'^'L'' + c.c. (4.4) 

and it should vanish by itself. The group-theoretic meaning of such equation becomes clear 
by using the known identity of special geometry j2] 

kUf = flnL"" + iVlV . (4.5) 

Once this equation is used in ()4.4|) the constraint becomes 

f^^ (ImAT) An = f^^mi = , (4.6) 

where 

mi = (IniAr)Anm™. (4.7) 

Note that this equation means that rhj^ are the coordinates of a Lie algebra element of 
the gauge group commuting with all the generators, in other words a non trivial element 
of the center Z(G). Such a constraint follows only for non-abelian gaugings because that 
is the only case when one is forced to gauge explicitly the isometrics of the vector scalar 
manifold introducing the vector manifold Killing vectors k\. In our case, this condition 
is certainly satisfied since we assumed from the beginning that the isometrics that can be 
gauged electrically are only those that commute with the translational isometrics of the 
dualized scalars. As it should be obvious at this stage, the "magnetic Killing vectors" m^^ 
are precisely associated to such translational symmetries. 
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Once one has verified that the Ward identity ()4.1|) of supersymmetry is satisfied for the 
SU (2) Lie Algebra valued pieces one can finally read the potential 
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- 2g Ki (l^Mj: + L^ld^ kl m^^ 

+ Mijm'^m-^^M^Mj, + {g'^ha^hj^ - 3MaMe) Q-^Q-^ . 

(4.8) 

In the absence of "magnetic charges" only the first line of ()4.8|) is different from zero and 
corresponds to the standard Af = 2 potential where guv + hjuM^-^hjy has to be identified 
with the metric of the quaternionic-Kahler manifold of the hypermultiplet sector. 

It should be noted that the full potential ()4.8|1 is symplectic invariant, being the square 
of symplectic invariant quantities, except for the first term given by the square of the Killing 
vectors of the special Kahler geometry. One can rewrite V by using ()3.24j) and ()3.26p . In 
doing so we find that the potential is a sum of four distinct pieces 

V = g' g^jk^klL^'L^ + [T^f Ms^" + 4 {{Z'Xf - [T^fMNT^] • (4.9) 

where the scalar product of the last three terms, coming from the square of symplectic 
invariant products, have been rewritten as ordinary (orthogonal) matrix product. This 
implies that the matrices Ais and Mn 

1 /^Xas + (7^J-^7^)As -(7^J-l) ^ ' 

2 V -ii-^n)\ j- 

and 

where we introduced I = ImM and TZ = ReM to make the notation compact, need not to 
be symplectic (in spite of this AAs turns out to be symplectic). 

Since the term which explicitly breaks symplectic invariance appears only when one 
gauges non-abelian groups any abelian electric gauging leads to a symplectic invariant po- 
tential. It is interesting to point out that precisely this type of gauged supergravities with 
tensors appear naturally in compactifications of type II string theories in the presence of non- 
trivial fluxes for the Ramond-Ramond and Neveu-Schwarz three-form fields. For the special 
case of Calabi-Yau compactifications, though, we do not simply find that gi-jk\k-!^L = 
as expected, but another important cancellation happens. For abelian isometrics the defini- 
tion of the prepotentials ()2.47|) simplifies jU [13 IHl to 

Vl = u;lkl. (4.12) 



-M. = -,r^^")'-it.r^^ (4.10) 
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Once this is projected on the reduced scalar manifold following from Calabi-Yau compacti- 
fications and we take into account the analogous equation ()3.23|) . we obtain that 



(4.13) 



which eventually implies that the scalar potential becomes positive-definite and explicitly 
symplectic invariant 



We stress here that this result follows only for Calabi-Yau compactifications and a standard 
choice of the symplectic sections V , that is one for which the prepotential function of Special 
Geometry exists. In the generic case one cannot conclude that ()4.13j) holds, though usually 
analogous cancellations between positive and negative terms of the potential also appear 
for gaugings of translational isometrics, again leading to positive semi-definite potentials 



Let us now establish the relation between our work and the standard formulation of 
P]. At the level of the ungauged theory the two formulations are simply related by a 
dualization procedure, that is a Legendre transformation. Once the theory is deformed 
by the gauging, the dualization of the tensors into scalars cannot be performed anymore. 
For Abelian gaugings, though, we have seen that the scalar potential exhibits an explicit 
symplectic invariance and one can use this invariance to put the potential in the standard 
form of [2]. In order to do so, one would like to remove all the dependence on the "magnetic 
charges" m^^, i.e. set = 0. Since is in general a local function of the coordinates 
we cannot rotate it to a configuration where = by a constant symplectic matrix. For 
special cases, though, if the number of abelian factors is the same as the number of tensors, 
one can find that the symplectic vector can be written as an overall function of the scalars 
multiplying a vector given by constant electric and magnetic charges so that ~ {e^, m^^}, 
where the extra I index on the electric charges follows from assigning different charges to the 
different abelian factors gauged. However, since the "magnetic charges" have an extra index 
/, it is impossible to put all of them to zero by a symplectic rotation unless the {ej^,m^^} 
are parallel vectors for all J's, or in the case where there is just one tensor, 1=1. The 
standard formulation can thus be retrieved only in such cases. For non Abelian gaugings we 
cannot in any case reduce the theory to the standard formulation with only electric charges, 
due to the presence of the non-symplectic invariant part. 

The case of Abelian gaugings with parallel charge vectors is realized in Calabi-Yau com- 
pactifications with two electric and two magnetic charges coming from the Ramond-Ramond 
and Neveu-Schwarz 2-forms of the Type IIB theory. In this case the tadpole cancellation 




(4.14) 



HaiHlE]. 
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condition implies that e\rn?^ — e\rn}^ = (local case) |3] . Therefore we can choose a sym- 
plectic rotation such that the magnetic charges are set to zero and the symplectic vector 
()3.24|1 contains only the electric prepotentials. This also implies that the potential ()4.8|1 
becomes of the form given in [21 for Abelian gaugings of the quaternionic manifold. In 
detail, it can be shown to be 

V = {T'^fMsT"' = -^l-^^^V'^V§ , (4.15) 

which is of the form presented in ISHEIIZI- Note, however, that, as shown in reference [TS] . 
for orientifold Calabi-Yau compactifications, the parallelism condition cannot be imposed if 
we want to obtain a zero potential at the extrema. 

We conclude that, except for the afore mentioned particular cases, the deformed theory 
in the presence of tensor multiplets cannot be simply related to the one without them. 
This seems to indicate that for such gaugings we find new genuine deformations containing 
tensor fields which are inequivalent to the formulation presented in |2]. It would be very 
interesting to find a derivation of these new supergravities as consistent effective low-energy 
formulations of string or M-theory, possibly in the presence of fluxes. 
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A Examples 

In this appendix we give two examples of how to retrieve the geometry of the scalar manifold 
after dualization in the simple case of the quaternionic manifolds SU(2, 1)/SU(2) x U(l) and 
S0(4, 1)/S0(4). Furthermore in the third example we justify our assertion that dualization 
of a compact coordinate gives generally a singular Lagrangian; this is done for the cr-model 
SU(1,1)/U(1). 

Let us first discuss the dualization procedure for two simple quaternionic manifolds, 
namely SU(2, 1)/U(2) and S0(4, 1)/S0(4). 

Example 1: SU(2,1)/U(2) 
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In accordance to our discussion in the text ()2.11|) . we decompose the algebra of SU(2, 1) 
where f) = 5u(2) + u(l), 3 = H , N = {G, Ti, T2}, where H is the non compact Cartan gen- 
erator of su(2, 1) and {G, Ti, T2} are the nilpotent generators corresponding to the solvable 
algebra generating the coset manifold. The commutation relations of the solvable algebra 
are: 

[H,G] = G, [H,T,] = ^T,, z = l,2, (A.l) 
[Ti,T2] = G, [G,T,] = 0, (A.2) 

We choose as maximal abelian ideal the set of generators {G, Ti}. The coset representative 
will be defined as 

L = e"^ e^'^' e^^^^ e^^ , (A. 3) 

where the fields {a, ipi, ip2, 0} are the scalar fields of the cx-model, the subset {a, ipi} being 
associated to the Peccei-Quinn symmetries. 

Let us first compute the metric of the quaternionic manifold SU(2, 1)/SU(2) x U(l); we 
have 

L-^dL = Hd(f) + (e-2Ti + 6-^2^) d^i + e-^Tarfy^s + e-^Gda . (A.4) 

Note that the nilpotent generators {G, Ti, T2} have a non compact and a compact part. 
If we denote with an hat the non compact part and normalize the traces to a Kronecker 
delta, namely: 

Tr{GH) = Tr{fiG) = Tr{fiH) = , Tr{f^) = Tr{g'^) = Tr{m) = 1 , (A.5) 

the metric is easily computed and we find: 

ds^ = Tr [L-^dLG/uY = e-^ {d^j + d^l) + + e"^"^ {da + ^2 d^if . (A.6) 

It is very easy at this point to recover the scalar manifolds of the a-models associated to 
dualization of the coordinates a and ipi. It is sufficient to kill the associated generators 
{G, Ti} in equation ()A.4|) . so that the metric of the resulting manifold is obtained simply by 
setting to zero the coordinates a and v?i and their differentials in equation ()A.6|) . We thus 
obtain that the metric of the a- model of the double tensor multiplet is given in this case 
by: 

ds^ = e-'^difl + d<i)'^ , (A. 7) 

which is easily seen to correspond to the coset manifold S0(2, 1)/S0(2). 

If we instead dualize just one coordinate, say cr, by the same procedure we find that the 
(T- model of the single tensor multiplet has the metric: 

ds^ = e""^ [d^l + + ^ ^^ g^) 
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which corresponds to the manifold S0(3, 1)/S0(3). 

Example 2: S0(4, 1)/S0(4) 

For the manifold S0(4, 1)/S0(4) we proceed in an analogous way. We decompose the 
algebra g = so(4, 1) in terms of (), D = if and N = {Ti,T2,T3}, where again if is a non 
compact Cartan generator of so(4, 1) and N describe the nilpotent ones. Explicitly, the 
so(4, 1) algebra is generated by T*-' with j = 0, . . . , 4, satisfying 

[T\Tki] = -A5^\,T^\^, (A.9) 

where indices are lowered by r/ = diag{ — h + + +}• A solvable decomposition follows then 
by defining 

^^^04^ ^_^io_yi4^ i = l,2,3. (A.IO) 
The commutation relations of the solvable generators are 

[H,n=T,, [T„T,]=0, (A.ll) 
for any i. The coset representative is now chosen as 

L = (Hie^'^') e"^, (A.12) 

where the fields {p, yjj} are the scalar fields of the a-model and the Xj are associated with 
translational isometrics. Proceeding as in the previous example we obtain for the metric of 
50(4,l)/50(4) 

ds^ = Tr [L-^cILg/hY = dp^ + e^" {d^\ + d^l + d^^^ . (A. 13) 

It is now easy to see that the resulting manifolds after dualization of any of the ipi scalars 
yields 5*0(3, l)/5'0(3) and that by the same procedure one can also obtain a double tensor 
multiplet with scalar manifold 5*0(2, l)/5'0(2) and even a triple-tensor multiplet with scalar 
manifold 50(1, 1). More in detail, after an appropriate identification of p with 0, by dualizing 
(^3 one obtains ()A.8jl and by dualizing both ip^ and v?i one gets ()A.7j) . 

We stress that although the metric for the double tensor multiplet is always ()A.7|) one 
can dualize the remaining scalar only for the theory coming from 5*0(4, l)/5'0(4) and 
not for the universal hypermultiplet. This happens because the metric of the kinetic term 
of the double tensor multiplet coming from the SU{2, 1)/U{2) manifold contains explicitly 
ip2 whereas the kinetic terms of the tensors for the theory following from 5*0(4, 1) 75*0 (4) 
depend only on 0. 

Example 3: SU(1, 1)/U(1) 
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In this last example we give an example of dualization of a compact coordinate giving 
rise to a singular Lagrangian, taking as toy model SU(1, 1)/U(1). 
Let us consider the cr-model with metric, on the unit disk, 



ds' = -^^^,, (A.14) 
(1 — zz)^ 



or, introducing polar coordinates, 



ds' = —^^{dp' + p'de'). (A.15) 

Suppose we dualize the compact coordinate 6. Introducing Lagrangian multipliers 
we have the following cr-model Lagrangian 

C = ^^^^^y d^pdupg^" + aH^H>' + H^^d^O . (A.16) 

Varying 9 we find d^H^ = 0, that is H^^ is the dual of the 3-form. Varying if^ one finds 
= —^dfj,9. Substituting in ()A.16jl and comparing with ()A.L5jl fixes the value of a to be 
a = — ^^~p2 ^ • The dualized Lagrangian is then found by using d^6 = ~2aH^ in ()A.16j) and 
one finally obtains 

^Duai _ d^pd^p (1 -p ^^^ 

Equation ()A.17jl shows explicitly that the Lagrangian is singular in p = that is at the 
origin of the coset manifold. If we instead set z = so that the unit disk is conformally 
mapped into the upper half plane the corresponding metric takes the form 



Z:^"'^' = 7r^2 + '-^-^H,H^ . (A.17) 



dSdS 
{ImSy 

where we set S = ie'^ + C. The same procedure used before gives now, as dualization of the 
corresponding cr-model, the following dual Lagrangian 

= 9^05^0 + ^e^^H^H^ , (A. 19) 

where no singularity appears. Indeed our parametrization with the S field corresponds 
exactly to performing the dualization of the non-compact generator of the solvable Lie 
algebra of SU(1, 1)/U(1) 
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